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Abstract: In the framework of the Building Urban & Industrial Lagrangian Dispersion (BUILD) model, a new 

micromixing model for the concentration fluctuations is proposed. We assume a clipped probability density function 

for the concentration, considering that the Lagrangian particles coming from the source sample the upper part of the 

concentration distribution. The lower part of the distribution is supplemented to ensure the average concentration. We 

show that this approach is theoretically more rigorous than the volumetric approach of Cassiani (2013) and we validate 

that it satisfactorily represents the moments of the fluctuations, in the case of a Gamma type distribution. This new 

micromixing model is then implemented in the BUILD model. We discuss comparisons with the experimental data of 

Marro et al. (2018) and evaluate the ability of the approach for application in fast response modelling for crisis 

management. 
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INTRODUCTION 

 

Modelling concentration fluctuations in a pollutant plume is an important problem for the prediction of 

doses associated with non-linear toxicological effects, for exceedances of explosivity or flammability 

thresholds or for odours evaluation. Different approaches have been developed in the literature to model or 

simulate concentration fluctuations (Cassiani et al., 2020): Eulerian DNS, LES or RANS models, PDF 

methods (micromixing models), Lagrangian Two-Marked-Particles Methods, heuristic models or analytical 

and phenomenological approaches. They allow, depending on their complexity, to describe instantaneous 

fluctuations or to characterize the statistical distribution of these fluctuations, in real complex flows or in 

much simpler academic configurations. A significant limitation of most of these approaches is their 

computational cost, which makes it difficult to use in an operational context on complex urban or industrial 

configurations. 

 

Cassiani (2013) proposed an original heuristic approach to model the variance of concentration, using a 

Lagrangian macromixing model coupled with a so-called “volumetric” micromixing approach, making it 

possible to calculate the variance of concentration fluctuations with a limited additional computational cost. 

Despite relatively satisfactory results in comparison to measurements (Marro et al., 2018), Cassiani's 

approach presents significant conceptual issues and does not allow to properly describe the higher order 

moments of the fluctuation distribution. In the present work, we propose a new model to correct some 

limitations of this approach. 



 

MODEL DESCRIPTION 

 

In a turbulent flow, the concentration fluctuates in space and time under the effect of the spectrum of 

turbulent scales. Using Reynolds decomposition, the instantaneous concentration 𝑐 can be decomposed into 

the sum of the average concentration 𝑐̅ and the concentration fluctuation 𝑐′: 
𝑐 = 𝑐̅ + 𝑐′ (1) 

The simulation of the average concentration 𝑐̅ by a stochastic Lagrangian particles model is called "macro-

mixing modelling" because the evolution of the average concentration is driven by the large scales of 

turbulence. The detailed simulation of the instantaneous fluctuation is much more complex because it 

evolves under the effect of micro-scales which can only be simulated by resolving the very small eddies of 

the flow, leading to a prohibitive computational cost (DNS - Direct Numerical Simulation approach). 

Therefore, different approaches have been developed to model concentration fluctuations (Cassiani et al., 

2020), which aim not to reproduce instantaneous variability but only the statistical distribution of 

fluctuations, through its Probability Density Function (PDF) and its main moments. As an example, the 

Probability Density Function associated with different concentration signals is shown on Figure 1. 

 

  

Figure 1. Time evolution and probability density function (pdf) 

of the concentration fluctuations (from Marro et al., 2018). Near field (left) and far field (right). 

 

Micro-mixing model 

Among the existing approaches, the micro-mixing model is compatible with Lagrangian particle dispersion 

models. It aims to solve a transport equation for the concentration PDF explicitly taking into account the 

dissipative effects of molecular diffusivity. The micro-mixing model is based on the introduction of a 

Lagrangian variable 𝐶 representing the concentration associated with each particle, the evolution of which 

is given by a generic relation of the form: 
𝑑𝐶

𝑑𝑡
= 𝜙(𝐶, 𝑋, 𝑈′, 𝑡) (2) 

where the 𝜙 function takes into account the attenuation of the concentration variance. The IECM model for 

𝜙 (Interaction by Exchange with the Conditional Mean, Pope, 1998) assumes the following 

parameterization: 
𝑑𝐶

𝑑𝑡
= −

𝐶−(𝐶|𝑋,𝑈)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝜏𝑚
 (3) 

where (𝐶|𝑋, 𝑈)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ is the mean concentration conditioned on the local position and velocity and 𝜏𝑚 represents 

the time scale of local mixing, which is defined as a function of the local velocity variance, the average 

dissipation rate of turbulent kinetic energy, the size of the source and the flight time of the particles 

(Cassiani et al., 2005). This model has the desirable property of leaving the average concentration field 

unchanged and it has been used to simulate the PDF of concentration fluctuations in the case of atmospheric 

dispersion from localized sources (Postma et al., 2011). 

 

Volumetric micro-mixing model 

Due to the need to simulate particle trajectories for all the flow, the classical micro-mixing model is very 

computationally expensive and it is not suitable for a fast-response operational tool. Therefore, Cassiani 

(2013) proposed an approach, called "volumetric micro-mixing model", which significantly reduces the 

computational cost, by simulating only the particles which come from the source, without having to 

simulate the background particles. The volumetric micro-mixing model uses the IEM – Interaction by 

Exchange with the Mean micro-mixing equation, which is simpler than the IECM model: 
𝑑𝐶

𝑑𝑡
= −

𝐶−𝑐̅

𝜏𝑚
 (4) 



because simulating only the particles coming from the source does not allow to correctly sample all 

directions of the flow to calculate the conditional mean. The mean concentration 𝑐̅ is calculated by the 

macro-mixing model: 

𝑐̅ =
1

𝑉𝑐𝑒𝑙𝑙
∑ 𝑚𝑖𝑖∈𝑐𝑒𝑙𝑙  (5) 

where 𝑚𝑖 is the mass of pollutant carried by each particle 𝑖 that is in the control volume 𝑉𝑐𝑒𝑙𝑙 . In the 

volumetric micro-mixing approach, Cassiani (2013) proposes to calculate a volume 𝑉𝑖 associated with each 

particle, defined from 𝑚𝑖 and 𝐶𝑖 by the relation: 

𝑉𝑖 =
𝑚𝑖

𝐶𝑖
 (6) 

By introducing equation 6 into equation 5, we obtain: 

𝑐̅ = ∑
𝑉𝑖

𝑉𝑐𝑒𝑙𝑙
𝐶𝑖𝑖∈𝑐𝑒𝑙𝑙 = ∑ 𝑓𝑖𝐶𝑖𝑖∈𝑐𝑒𝑙𝑙  (7) 

where 𝑓𝑖 = 𝑉𝑖 𝑉𝑐𝑒𝑙𝑙⁄  is interpreted as a frequency associated with the particle 𝑖 and the concentration 𝐶𝑖. In 

this approach, the average concentration can be seen as the weighted average of the concentrations 𝐶𝑖 of 

the particles coming from the source, of frequencies 𝑓𝑖 on one hand, and of the zero concentrations of the 

particles not having passed through the source (implicit term equal to zero in this equation) on the other 

hand. By generalization, Cassiani (2013) proposed to calculate the 𝑛th order ordinary moments by the same 

approach: 

𝑐𝑛̅̅ ̅ = ∑
𝑉𝑖

𝑉𝑐𝑒𝑙𝑙
𝐶𝑖

𝑛
𝑖∈𝑐𝑒𝑙𝑙  (8) 

The volumetric micro-mixing model of Cassiani was tested by Marro et al. (2018). These authors showed 

that the volumetric approach gave satisfactory results for the variance of the fluctuations but poor results 

for the moments of higher order. To overcome this limitation, Marro et al. (2018) proposed to calculate the 

higher order moments from the mean and the variance, assuming that the PDF of the distribution follows a 

Gamma law, as it is frequently observed in the literature (Cassiani et al., 2020). 

 

Even if it gives results which seem satisfactory on the configurations tested, the volumetric micro-mixing 

model of Cassiani introduces a volume and a probability frequency, associated with each particle, which 

are not fully satisfactory. Indeed, assuming that the mass of pollutant transported by each particle remains 

unchanged (in the absence of chemical, radioactive and deposition processes), equation 6 suggests that the 

volume of each particle is inversely proportional to its concentration, as if the concentration would evolve 

not by diffusion but by a compressibility effect, which has obviously no sense. The concentration of a 

particle varies by diffusive transfer to other particles, without variation in its volume. 

 

The notion of probability frequency, which would be different for each particle and function of its 

concentration, is also questionable. First of all, all the particles rejected at the emission are equiprobable 

and there is no reason for this equiprobability to be modified during the transport of the particles. 

Furthermore, the calculated probability 𝑓𝑖 being proportional to the volume 𝑉𝑖, the most probable particles 

would be the largest particles, having the lowest concentration. Obviously, this makes no sense. In reality, 

it is a mistake to interpret equation 7 as a weighted average, where 𝑓𝑖 would be a frequency associated with 

each particle, and it is easy to show that there exists an infinite number of sequences 𝑓𝑖 such that 𝑐̅ =
∑ 𝑓𝑖𝐶𝑖𝑖∈𝑐𝑒𝑙𝑙 , for a given sequence of 𝐶𝑖. It is obvious that all these sequences cannot simultaneously represent 

the sequence of probabilities associated with the particles. 

 

This is to avoid these conceptual limitations that a new approach was developed for the BUILD software, 

called " clipped distribution micro-mixing model". 

 

Clipped distribution micro-mixing model 

 

The micro-mixing model with clipped distribution adopts some ideas introduced in the volumetric approach 

of Cassiani (2013). The trajectories and the evolution of the concentration of particles from the source are 

simulated by the stochastic differential equation and by the IEM micro-mixing model. Particles that do not 

pass through the source are not simulated. 

 

  



In the general case of an unsteady release, each particle emitted at the source is characterized by: 

• a concentration 𝐶𝑖 initialized to the concentration of the source 𝐶𝑠 

𝐶𝑖 = 𝐶𝑠 =
𝑄𝑚,𝑠𝑝𝑒𝑐𝑖𝑒

𝑄𝑣,𝑓𝑙𝑢𝑖𝑑
 (9) 

• a mass 𝑚𝑖 

𝑚𝑖 =
𝑄𝑚,𝑠𝑝𝑒𝑐𝑖𝑒 Δ𝑡

𝑁𝑝𝑎𝑟𝑡
 (10) 

where 𝑄𝑚,𝑠𝑝𝑒𝑐𝑖𝑒𝑖
 is the instantaneous mass emission rate of pollutant and 𝑄𝑣,𝑓𝑙𝑢𝑖𝑑  the instantaneous 

volume rate of fluid at the source, at the instant of emission of the particle. 𝑁𝑝𝑎𝑟𝑡 is the number of 

particles emitted at the same time, during the time step Δ𝑡. The mass 𝑚𝑖 can possibly change 

during the transport of particles under the effect of chemical or radioactive transformations or 

under the effect of deposition. 

• a volume 𝑉𝑖 

𝑉𝑖 =
𝑄𝑣,𝑓𝑙𝑢𝑖𝑑 Δ𝑡

𝑁𝑝𝑎𝑟𝑡
 (11) 

Note that in the present model, the volume 𝑉𝑖 associated with each particle is invariant, the flow 

being assumed to be incompressible. 

 

The concentration of particles at the source is by definition the maximum concentration value in the domain. 

By dilution with the particles coming from the outside, the average concentration in the field will be lower 

than the concentration of the source so that under the effect of equation 4, the concentration of each particle 

emitted by the source will decrease in order to get closer to the average concentration. Symmetrically, the 

particles not passing through the source are transported from upstream of the source with a zero 

concentration and will see their concentration increase under the effect of the equation 4 to get closer to the 

average concentration. 

 

Based on this observation, the main hypothesis made in the present approach consists of assuming that at 

any point in the flow, within a control volume 𝑉𝑐𝑒𝑙𝑙 , the 𝑁𝑝𝑎𝑟𝑡,𝑐𝑒𝑙𝑙  particles coming from the source sample 

the upper part of the concentration PDF, as shown on Figure 2. 

 

 

Figure 2. Illustration of the PDF of the concentration distribution and its clipped representation. The particles coming 

from the source correspond to the right part (in orange) of the distribution. Background particles are represented by a 

single concentration value (orange vertical line, left). 

 

The fraction 𝜙𝑢𝑝 of the pdf resolved by the particles coming from the source corresponds to the fraction of 

the control volume 𝑉𝑐𝑒𝑙𝑙  occupied by these particles: 

𝜙𝑢𝑝 =
1

𝑉𝑐𝑒𝑙𝑙
∑ 𝑉𝑖𝑖∈𝑐𝑒𝑙𝑙  (12) 

We can show that 𝜙𝑢𝑝 = 𝑐̅ 𝐶𝑠⁄ , which can be interpreted as a dilution ratio of the mean concentration 𝑐̅ 

relative to the source concentration 𝐶𝑠. Each of the 𝑁𝑝𝑎𝑟𝑡,𝑐𝑒𝑙𝑙  particles present in the cell is equiprobable, 

with frequency 𝑓: 

𝑓 =
𝜙𝑢𝑝

𝑁𝑝𝑎𝑟𝑡,𝑐𝑒𝑙𝑙
 (13) 

 

The second hypothesis of the model consists of representing the concentration of all the background 

particles (not having passed through the source) present in the cell by a single concentration value denoted 

𝐶𝑙𝑜𝑤 (illustrated by the orange vertical line on the Figure 2). The sum of the probabilities being equal to 1, 

the probability 𝜙𝑙𝑜𝑤  associated with the concentration 𝐶𝑙𝑜𝑤 is such that: 

𝜙𝑙𝑜𝑤 = 1 − 𝜙𝑢𝑝 (14) 



The concentration distribution described previously, consisting of the 𝑁𝑝𝑎𝑟𝑡,𝑐𝑒𝑙𝑙  values 𝐶𝑖 of frequency 𝑓 

and the concentration 𝐶𝑙𝑜𝑤 of probability 𝜙𝑙𝑜𝑤  is called "clipped distribution". 

 

Writing the average concentration from this distribution gives the relationship: 

𝑐̅ = (1 − 𝜙𝑢𝑝)𝐶𝑙𝑜𝑤 + ∑ 𝑓𝐶𝑖𝑖∈𝑐𝑒𝑙𝑙  (15) 

This relationship allows to determine the value of 𝐶𝑙𝑜𝑤 from the known parameters: 

𝐶𝑙𝑜𝑤 =
𝑐̅−∑ 𝑓𝐶𝑖𝑖∈𝑐𝑒𝑙𝑙

1−𝜙𝑢𝑝
 (16) 

It then becomes possible to calculate the ordinary moments of higher orders, from the clipped distribution: 

𝑐𝑛̅̅ ̅ = (1 − 𝜙𝑢𝑝)𝐶𝑙𝑜𝑤
𝑛 + ∑ 𝑓𝐶𝑖

𝑛
𝑖∈𝑐𝑒𝑙𝑙  (17) 

The previous modelling approach has been implemented in the BUILD operational Lagrangian dispersion 

model (Soulhac et al., 2022). 

 

Model results and discussion 

The clipped distribution micro-mixing model has been evaluated on theoretical test cases (ability to 

reproduce the Gamma distribution moments by the clipped distribution) and on experimental databases 

(point source in turbulent boundary layer on flat terrain, isolated 2D obstacle). Figure 3 illustrates 𝑐̅ and 𝜎𝑐 

field in the wake of a 2D obstacle. 

 
Mean concentration 𝑐̅ 

 
Concentration standard deviation 𝜎𝑐 

Figure 3. Application of the clipped distribution micro-mixing model to simulate concentration fluctuations around 

an isolated 2D obstacle. 

The results demonstrate the ability of the model to reproduce the fluctuation characteristics, without 

significant additional computational cost compared with a macro-mixing Lagrangian model. 

 

CONCLUSION 

In this work, a new model is proposed to describe concentration fluctuations in the BUILD operational 

Lagrangian dispersion model. The model is an improved version of the volumetric micro-mixing model of 

Cassiani (2013), based on the assumption of a clipped PDF distribution where the particles advected from 

the source sample the upper part of the distribution. This approach proves to be theoretically consistent, to 

have satisfactory validation results and to be numerically efficient for operational applications. 
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